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Abstract. We study a class of Hermitian metrics on complex manifolds, re- 
cently introduced by J. Fu, Z. Wang and D. Wu, which are a generalization 
of Gauduchon metrics. This class includes the one of Hermitian metrics for 
which the associated fundamental 2-form is 9cJ-closed. Examples are given on 
nilmanifolds, on products of Sasakian manifolds, on S^-bundlcs and via the 
twist construction introduced by A. Swann. 



1. Introduction 

Let (A/, J, g) be a Hermitian manifold of real dimension 2n. If the fundamental 
2-form •) = g{J-, •) is d-closed, then the metric g is Kahler. In the literature, 
weaker conditions on have been studied and they involve the closure with respect 
to the 99-operator of the {k, fc)-form fi*"' = A • • ■ A il. 

If ddfl = 0, then the Hermitian structure {J,g) is said to be strong Kahler with 
torsion and g is called SKT (or also pluridosed )(see e.g. [13] )• In this case the 
Hermitian structure is characterized by the condition that torsion 3-form c = Jdfi 
of the Bismut connection is d-closed. SKT metrics have been recently studied by 
many authors and they have also applications in type II string theory and in 2- 
dimensional supersymmetric ct- models [T31[171[TH]. Moreover, they have also links 
with generalized Kahler structures (see for instance [T31 HH HZl |3]). New simply- 
connected SKT examples have been constructed by A. Swann in [55] via the twist 
construction, by reproducing the 6-dimensional examples found previously in [T4] . 
Recently, Streets and Tian introduced a Hermitian Ricci flow under which the SKT 
condition is preserved |26j . 

If dd^l"^^ = 0, then the Hermitian metric g on M is said to be astheno- Kahler. 
Jost and Yau used this condition in |19j to study Hermitian harmonic maps and to 
extend Sin's rigidity theorem to non-Kahler manifolds. 

On a complex surface any Hermitian metric is automatically astheno-Kahler and 
in complex dimension n = 3 the notion of astheno-Kahler metric coincides with that 
one of SKT. Astheno-Kahler structures on products of Sasakian manifolds and then 
in particular on Calabi-Eckmann manifolds have been constructed in [22] . For n > 3 
other examples of astheno-Kahler manifolds have been found in jlOj via the twist 
construction [28], blow-ups and resolutions of orbifolds. 

In [9] it was shown that the blow-up of an SKT manifold M at a point or 
along a compact complex submanifold Y is still SKT, as in the Kahler case (see 
for example [1]). Moreover, by [TU] the same property holds for the blow-ups of 
complex manifolds endowed with a J- Hermitian metric such that ddVl — Q and 

If is 99-closed or equivalently if the Lee form is co-closed, then the Her- 

mitian metric g is called standard or a Gauduchon metric [12]. Recently, in [11] J. 
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Fu, Z. Wang and D. Wu introduced a generalization of the Gauduclion metrics on 
complex manifolds. Let (M, J) be a complex manifold M of complex dimension n 
and let k be an integer such that l<fc<ri, — l,a J-Hermitian metric g on M is 
called k-th Gauduchon if 

(1) ddVl^ A O"-'^-! = 0. 

Then, by definition the notion of (n— l)-th Gauduchon metric coincides with the one 
of the usual Gauduchon metric. In [TT] it is associated to any Hermitian structure 
f2 on a complex manifold (M, J) a unique constant 7^(17), which is invariant by 
biholomorphisms and which depends smoothly on Vl. It is also proved that 7fc(ri) = 
if and only if there exists a k-th. Gauduchon metric in the conformal class of VL. 
Moreover, the first examples of 1-st Gauduchon metrics have been constructed in 
[llj on the three-dimensional complex manifolds constructed by Calabi and on 
X S^. 

In this paper we will study 1-st Gauduchon metrics, i.e. Hermitian metrics for 
which 

ddVL A ^ 0. 

This class of metrics includes the SKT ones as particular case, so it is natural to 
study which properties that hold for the SKT metrics are still valid in the case of 

1- st Gauduchon ones. 

Astheno-Kahler and SKT metrics on compact complex manifolds cannot be bal- 
anced for ri > 2 unless they are Kahler (see [HHI]), where by balanced one means 
that the Lee form vanishes. If the Lee form is exact, then the Hermitian structure 
is called conformally balanced. By [18l [24l [10] a conformally balanced SKT (or 
astheno-Kahler) structure on a compact manifod of complex dimension n whose 
Bismut connection has (restricted) holonomy contained in SU (n) is necessarily 
Kahler. In Section [2] we prove similar results for 1-st Gauduchon metrics. 

In complex dimension 3 invariant SKT structures on nilmanifolds, i.e. on com- 
pact quotients of nilpotent Lie groups by uniform discrete subgroups, were studied 
in [HI [30] showing that the existence of such a structure depends only on the left- 
invariant complex structure on the Lie group and that the Lie group is 2-step. 
Nilmanifolds of any even dimension endowed with a left- invariant complex struc- 
ture J and an SKT J-Hermitian metric were studied in [S] showing that they are all 

2- step and they are indeed the total space of holomorphic principal torus bundles 
over complex tori. 

In Section [3] we prove that on a 6-dimensional nilmanifold endowed with an 
invariant complex structure J, an invariant J-Hermitian metric is 1-st Gauduchon 
if and only if it is SKT. However, by using the results in [TT] we show that there 
are complex 6-dimensional nilmanifolds admitting non-invariant 1-st Gauduchon 
metrics. A family Jt, t € (0,1], of complex structures admitting compatible 1-st 
Gauduchon metrics for any t and such that Jt admits SKT metrics only for t = I 
is also given on a 6-dimensional nilmanifold. Moreover, we show that this family 
of complex structures on the previous nilmanifold does not have any compatible 
(invariant or not) balanced metric. 

The situation is different in higher dimension since in Section [4] we give examples 
in dimension 8 of complex nilmanifolds admitting invariant 1-st Gauduchon metrics 
and no SKT metrics. These examples are products of (quasi)-Sasakian manifolds. 
We construct 1-st Gauduchon metrics on ^^-bundlcs over quasi-Sasakian manifolds 
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and on the product of two Sasakian manifolds endowed with the complex structure 
introduced in [22]. In Section [5] we study the existence of 1-st Gauduchon metrics 
on the blow-up of a complex manifold at a point or along a compact submanifold. 
In the last section, by using the twist construction [28] , we find examples of simply- 
connected 6-dimensional compact complex manifolds endowed with 1-st Gauduchon 
metrics. 

2. 1-ST Gauduchon metrics and relation with the balanced condition 

In this section we show that 1-st Gauduchon metrics, as the SKT ones, are 
complementary to the balanced condition. Let us start to review the definition and 
the properties of the fc-th Gauduchon metrics contained in |11) . 

We recall the following 

Definition 2.1. }llj Let {M,J) be a complex manifold of complex dimension n 
and let k be an integer such that \ <k <n—l. A J-Hermitian metric g on (M, J) 
is called fc-th Gauduchon if its fundamental 2-form fl satisfies the condition (jl}. 

For fc = n — 1 one gets the classical standard metric. Moreover, according to 
the previous definition, an SKT metric is a 1-st Gauduchon metric and an astheno- 
Kahler metric is a (n — 2)-th Gauduchon metric. 

Extending the result proved by Gauduchon in |12j for standard metrics it is 
shown in [11] that if (M, J, g, fl) is a n-dimensional compact Hermitian manifold, 
then for any integer 1 < fc < n — 1, there exists a unique constant 7fc(f2) and a 
(unique up to a constant) function v G C°°{M) such that 

|59(e"f^''0 A fi"-'^-! = 7fe(f])e''17". 

If (M, J, fi) is Kahlcr, then 7fc(il) = and tj is a constant function for any 
1 < fc < n - 1. 

The constant 7fc(f^) is invariant under biholomorphisms and by [IH Proposition 
11] the sign of ^kiS^) is invariant in the conformal class of VI. 

To compute the sign of the constant 7fe(ri) one can use the following 

Proposition 2.2. [Ill For a Hermitian structure {J,g,fl) on an n-dimensional 
complex manifold {M,J), the number 7fc(51) is > (== 0, or < 0) if and only if 
there exists a metric g in the conformal class of g such that 

^ddn'' A n"-''-^ > (= 0, or < o), 

where 51 is the fundamental 2-form associated to { J,g). 

For n = 3, by [TTJ Theorem 6] one has the following 

Proposition 2.3. TT On any compact i- dimensional complex manifold there ex- 
ists a Hermitian metric g such that its fundamental 2-form VI has 7i(f2) > 0. 

So for 71 = 3 if one finds a Hermitian metric g such that its fundamental 2-form 
Vt has 7i(fi) < 0, by using [TTl Corollary 10] then there exists a 1-st Gauduchon 
metric. 

We recall that the Lee form of a Hermitian manifold (M, J, g) of complex dimen- 
sion n is the 1-form 

e = j*d*vi = jd*n, 
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where d* is the formal adjoint of d with respect to g. The formula *fi = r2"^^/(n — 
1)! implies that d{i}"-^^) = 6 A O"^^ The Hermitian structure {J,g) is called 
balanced if vanishes or equivalently if d{n"'~^) = and such structures belong 
that the class W3 in the well known Gray-Hervella classification [15] . 

In real dimension 4, the SKT condition is equivalent to d*6 = 0, but in higher 
dimension both the SKT and the astheno-Kahlcr condition on a compact Hermit- 
ian manifold arc complementary to the balanced one [U [21] . In the case of 1-st 
Gauduchon metrics we can prove the following 

Proposition 2.4. Let {M, J) be a compact complex manifold of complex dimension 
n > 3. If g is a J -Hermitian metric which is 1-st Gauduchon and balanced, then g 
is Kdhler. 

Proof. For a compact Hermitian manifold (M , J, g) one has the two natural linear 
operators acting on differential forms: 

Llp ^ fl a ip, 

and the adjoint operator L* of L with respect to the global scalar product defined 

by 

< V >= P! / (¥','0)vOlg, 

where is the fundamental 2-form of (J, g), (if, ^) is the pointwise (7-scalar product 
and volg is the volume form. By [3T] one has 

(2) L*^(2iddnAn) = 96(n- 2)[2d*6l + 2||6l||2 - \ \T\\% 

where 9 is the Lee form, d*6 its co-differential, \\9\\ its g-noria and T is the torsion 
of the Chcrn connection V*^. 
By using the formula 



1=1 

which holds for any p-form ip and any positive integer r < s, one gets 

(3) L*'\2iddn AQ''-^) ^ L*"{L"'^{2iddn An)) = ^"^{n ~ 3y.L*^{2iddn An). 

Therefore, if (J, g) is balanced, then 9 = and, consequently, the 1-st Gauduchon 
condition implies that T = 0, i.e. g is Kahler. □ 

A Hermitian structure is called conformally balanced if the Lee form 9 is d-exact. 
By [iHl [24l [To] , a conformally balanced SKT (or astheno-Kahler) structure on a 
compact manifold of complex dimension n whose Bismut connection has (restricted) 
holonomy contained in SU (n) is necessarily Kahler. We can now prove a similar 
result for the 1-st Gauduchon metrics. 

Theorem 2.5. A conformally balanced 1-st Gauduchon structure {J,g) on a com- 
pact manifold of complex dimension n > 3 whose Bismut connection has (restricted) 
holonomy contained in SU{n) is necessarily Kdhler and therefore it is a Calabi-Yau 
structure. 

Proof. Since the Hermitian structure is 1-st Gauduchon, then by ([2]) and ([3]), we 
have 

2d*9 + 2\\9\\^ - ||r||2 = 0. 



5 



Therefore, 

(4) d*e^\\\T\\^~\\e\\\ 

By [U formula (2.11)], the trace 2u of the Ricci form of the Chern connection is 
related to the trace b of the Ricci form of the Bismut connection by the equation 

(5) 2u^b + 2d*e + 2\\e\\^ . 

Since the condition that the Bismut connection has (restricted) holonomy contained 
in SU{n) implies that the Ricci form of the Bismut connection vanishes, by using 
(gl) and ©, we obtain 

2u = ||r|p. 

Now, if u > then it follows from [TSl Theorem 4.1 and formula (4.4)] that all 
plurigencra of (M, J) vanish. But, since (J, .g) is conformally balanced, there exists 
a nowhere vanishing holomorphic (n, 0)-form by |27[ I24| . Therefore, u must vanish 
and g is Kahlcr. □ 

3. Generalized Gauduchon metrics on 6-nilmanifolds 

In this section we study 1-st Gauduchon metrics on complex nilmanifolds (M — 
r\G, J) of real dimension six endowed with an invariant complex structure J, that 
is, G is a simply-connected nilpotent Lie group and F is a lattice in G of maximal 
rank, and J arises from a left-invariant complex structure on the Lie group G. 

In [5S] S. Salamon proved that, up to isomorphism, there are exactly eighteen 
nilpotent Lie algebras of real dimension 6 admitting complex structures. In |30j it 
was shown that in fact there are two special and disjoint types of complex equations 
for the 6-dimensional nilpotent Lie algebras, depending on the "nilpotency" of the 
complex structure. We recall that a complex structure J on a 2n-dimensional 
nilpotent Lie algebra g is called nilpotent if there is a basis of (1, 0)-forms {wj}"^^ 
satisfying dcj^ = and 

do;-' e < w\ . . . , w\ . . . , w-'"^ >, j = 2,...,n. 

In dimension six one has the following 

Proposition 3.1. j30[|31j Let J be an invariant complex structure on a nilmanifold 
M of real dimension six. 

(i) If J is nilpotent then there is a global basis {uj^}^^i of invariant {l,0)-forms 
on M satisfying 

( duj^ = 0, 

(6) <^ duj'^ = etj", 

y duj^ = pu;^^ + {l-e)Aij^'^+Buj'^ + Guj^'^ + {l-e)Duj^^, 

where A, B,G,D e C, and e, p e {0, 1}. 

(ii) If J is non-nilpotent then there is a global basis {w-'lj^j of invariant (1,0)- 
forms on M satisfying 

dtu^ = 0, 



(7) 



_ dij-' = ^ecJ"±^(LJl^-w^l), 



with e = 0, 1. 
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The fundamental 2-forin 57 of any invariant J-Hermitian metric 17 on M is then 
given by 

3 

(8) n=Y,xf,uj^\ 

j,k=l 

where Xjj. € C and x^j = —Xj^. Notice that the positive definiteness of the metric 
g impUes in particular that 

—ixjj G R^, i det{x jj^) > 0. 

The following result is proved by a direct calculation, so we omit the proof. 

Lemma 3.2. Let {J,g) he a Hermitian structure on a Q- dimensional nilpotent Lie 
algebra q, and f2 its fundamental form. 

(i) // J is nilpotent, then in terms of the basis {uj^}'j^i satisfying ([5]), the 
(2,2)-/orm ddVl is given by 

dBn ^ X33 {p + + |C|2 - 2(1 - e) fRe {AD)) uj^'^^^ . 

This implies that 

2 

'-ddn An = ^ {p +\B\^ + |cp - 2(1 - e) D\z (AD)) n\ 

and therefore the sign of ji{n) depends only on the complex structure. 

(ii) If J is non-nilpotent, then in terms of the basis {uJ^}^^i satisfying ([7]), the 
form ddfl is given by 

dBn = 2x33 w"22 + 2x^2 w"33. 

This implies that 

2 det(xjfc) 

and therefore 71 (57) > for any 57. 

As an immediate consequence we get 

Proposition 3.3. Let {M, J) be a complex nilmanifold of real dimension six en- 
dowed with an invariant complex structure J. An invariant J-Hermitian metric on 
M is 1-st Gauduchon if and only if it is SKT. 

The classification of nilmanifolds of real dimension 6 admitting invariant SKT 
metric is given in [8] . It is clear from Lemma 13.21 that J has to be nilpotent 
and e must be zero in order to have an invariant Hermitian structure 57 such that 
71 (52) < 0. By [30] it follows that if e = and J is not bi-invariant then there is a 
basis {ijJ^}'^j^i such that 

(9) rfwi=rfw2 = 0, dw^ = pa;i2 + ^ (x + i?;)a;2^ 

where B,x -\- iy G <C, and p = 0,1. The underlying real Lie algebra q is isomorphic 
to one of the following Lie algebras 

[)2 = (0, 0, 0, 0, 12, 34) [)3 = (0, 0, 0, 0, 0, 12 + 34) 

f}4 = (0, 0, 0, 0, 12, 14 + 23) f)5 = (0, 0, 0, 0, 13 + 42, 14 + 23) 

[)6 = (0, 0, 0, 0, 12, 13) f)8 = (0, 0, 0, 0, 0, 12), 
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where for instance by (0,0,0,0,0,12) we denote the Lie algebra with structure 
equations de^ = 0, j = 1, . . . , 5, de^ = A e^. The classes of isomorphisms can be 
distinguished by the following conditions: 

(a) If = p, then the Lie algebra g is isomorphic to 
(al) f)2, for y^O; 

(a2) f)3, for /9 = y = and x ^ 0; 
(a3) f)4, for p = 1, y = and x ^ 0; 
(a4) f)6, for p = 1 and x = y = 0; 
(a5) [)8, for p = X = ?/ = 0. 

(b) If |B| 7^ p, then the Lie algebra q is isomorphic to 
(bl) f,2, for V > (p _ |B|2)(42; + p „ 

(b2) [)4, for V ^ (p _ |B|2)(4x + p - 
(b3) [)5, for V < (p _ |B|2)(4x + p- 

Remark 3.4. Notice that [)5 is the Lie algebra underlying the Iwasawa manifold. 
The bi-invariant complex structure Jq on [}5 corresponds to p = 1 and e = A = 
B = C = D — in It is proved in [11] that the natural balanced metric on the 
Iwasawa manifold has 71 > 0, and by Lemma [3?2l (i) we see that the same holds for 
any other invariant Jo-Hcrmitian structure on the Iwasawa manifold. 

Proposition 3.5. Let (A/, J) be a complex nilmanifold of real dimension 6 endowed 
with an invariant complex structure J. Then, there is an invariant J -Hermitian 
metric f2 such that 71 (fi) < if and only if M corresponds to 1)2,^3, i)4 or f)5. 

Proof. If J is bi-invariant then 71 (fi) cannot be negative, for any invariant Q. By 
the previous discussion J must be nilpotent and there exists a basis of invariant 
(l,0)-forms satisfying the reduced equations From Lemma [22] (i) it follows 
that there is an invariant J-Hermitian structure such that 71 (f^) < if and only 
if 

(10) 2x>p+\B\^. 

Since this implies x > 0, the Lie algebras f)e and f)8 arc excluded because they 
correspond to cases (a4) and (a5) above. Given p and B, we can choose x,y €M. 
satisfying pO|) and one of the conditions (bl), (b2) or (b3). This shows the existence 
of a SI with 71 (r2) < on the Lie algebras f)2, f)4 and ()5. Finally, the result for f)3 
follows from (a2). □ 

Given a complex nilmanifold (Af , J) with invariant J, the existence of an SKT 
or a balanced Hermitian metric implies the existence of an invariant one obtained 
by the symmetrization process [7]. From Propositions 12.31 and 13.51 we conclude: 

Theorem 3.6. Let M be a nilmanifold of real dimension 6 with underlying Lie 
algebra isomorphic to f)2, ha, [}4 or f)5. Then, there is an invariant complex structure 
J on M admitting a (non invariant) l-st Gauduchon metric and having no J- 
Hermitian SKT metrics. 

The following example gives a deformation of an SKT structure in a family of 
complex structures which do not admit any compatible SKT metric, but they have 
compatible l-st Gauduchon metrics. 

Example 3.7. Let Af be a nilmanifold with underlying Lie algebra (54, and let 
{e^, . . . , e^} be a basis of invariant 1-forms on M such that 

de^ = de^ = de^ = de^ = 0, de"^ = e^^ , de^ = e" + e^^. 
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We consider the family of complex structures Jt, t ^ 0, defined by 

u;l=el+^e^ lj^ ^ + it{e^ - e^), = 2(e^ - i e^). 
Since the complex equations for Jt are 

(11) doj^^duj^^O, da;3 ^ _^ + _^ iw^^ 

by (a3) above the complex structure Jt is defined on M for any i 7^ 0. Moreover, 
by Lemma [3?2] (i) the complex nilmanifold (M, Jt) has a compatible SKT metric if 
and only ii t = 1, and admits an invariant Hermitian metric D, with 71 (O) < if 
and only if i < 1. 

Therefore, Jt, t € (0, 1], is a deformation of the complex structure Ji such that 
the complex manifold (M, Jt) has a 1-st Gauduchon metric for any t but admits a 
compatible SKT metric only for t = 1. 

On the other hand, because of the form of the complex equations (fTT|) . the 
fundamental form of any invariant Jt-Hermitian metric is equivalent to one given 
by dll) with Xi;j — X23 — 0. Then, the balanced condition dfl^ — reduces to 

Xii + t X22 = t ^12- 

Since Xii — iX and 2:22 ~ i fJ', for some A,/^ > 0, we have that X12 — t(M + ^/t)- 
This implies that 

detf"^ l^A=i^ + X/t)'-X^ = ^^^ + l-lx^^+^ 

\ — X2i X22 J t t 

is positive for any t S (0, 1], which is a contradiction to the positive definiteness of 
the metric. By we conclude that for any t E (0, 1] the complex manifold (M, Jt) 
does not admit any balanced (invariant or not) metric. 

4. Products of Sasakian manifolds and circle bundles 

Here we construct 1-st Gauduchon metrics on products of Sasakian manifolds 
and on certain circle bundles over quasi-Sasakian manifolds. 

We remind that an almost contact metric manifold (A^^"""'^, (/j, ^, 77, (?) is called 
quasi-Sasakian if it is normal and its fundamental form $(-,•) = ^(v-, •) is closed. 
If in particular dij = $ then the almost contact metric structure is said Sasakian. 

Let (Ml, (^1, ^1, ?7i, pi) and {M2, ip2, £,2,V2, 92) be two Sasakian manifolds of di- 
mension 2ni + 1 and 2n2 + 1, respectively. On the product manifold M = Mi x M2 
we consider the family of complex structures J given by Tsukada [J^ and used in 
[22] to construct astheno-Kahler structures: 

J{X,Y) = (^^i(X) - pi{X)^i - ^!±^,y2(nei,^2(n + ^r?i(X)6 + ^%(F)6^ 

for X e X(A/i) and Y e X(M2), where a, 6 e M and 6^0. 

For any t G R* such that | > we consider on M the J-Hermitian metric 

(12) r2 = $i + $2 + i??i A?/2, 

where denotes the fundamental 2-form on {Mj,ipj,^j,rij,gj) for each j = 1,2. 

Theorem 4.1. Let us suppose that 2n = 2(ni -I- 77.2 + 1) > 6. The Hermitian 
structure given by (jl2p on M is 1-st Gauduchon if and only if it is astheno- 
Kahler if and only if ni{rii — 1) + 2anin2 + (a^ + 6^)77.2(77.2 — 1) = 0. 
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Proof. Since dil = A ?/2 — ?/i A $2), we have that 

d^n = Jd.m = JdQ = tJ{^i A ?72 - ?7i A $2). 



The definition of the compiex structure impiies that Jrji = frji + ° + 772 and 
Jm = ^ivi - fV2, which implies 

d^Q = A,/772 - Jj^i A$2) = -^[$1 A 771+ a<i>i A 772 + a??! A $2 + (0^ + 6^)772 A $2]- 
Thus, dd^n = A $1 + 2a<I>i A $2 + (a^ + fe^)$2 A $2]- 



On the other hand, 

n-2 



n—2 



E 



77,-2 



(<i>i + $2)"-'-'' A (t77i A 772)'- 



= ($1 + $2)""^ A [$i + $2 + t{n - 2)771 A 772] 

n— 3 

= E 

because (771 A 772)^^ is non-zero only for r = 0, 1. Therefore, 

n-3 



n 3\ ^„_3-. ^ ^ ^ ^ _ 2),7i A 772] 



E 



s=0 
F.n-3- 



77 — 3 

s 



+ 2a$i A $2 + (a^ + &^)$2] A 



^n^i-s ^ $s ^ + $2 + t(n - 2)771 A 772] 



= I J2 s)*r'"' A $^ A [$i + $2 + i(n - 2)771 A 772], 

s=0 

where C(77,0) = 1, C{n,l) = n - 3 + 2a, C(77,77 - 2) = 2a + (a^ + _ 3)^ 

C(7i, 71 — 1) = a^ + b^, and 



C(77,S) = 



77 — 3 

s-2 



for 2 < s < 7^ — 3. 

Now, by the same argument as in 21] we get that 

dd'^il A VL"-^ = f C(n, 772)$r A $2' A [$i + $2 + t{n - 2)771 A 772] 

= ^(77 - 2)C(n, 7^2)$r A $2' A 771 A 772. 

It is clear that 51 is 1-st Gauduchon if and only if (7(77,77,2) — which is equivalent 
to 771(77,1 — 1) + 2a77,i772 + {a? + 6^)772(772 — 1) = 0. The latter condition is also 
equivalent to Vt be astheno-Kahler by [HJ Theorem 4.1]. □ 

Remark 4.2. By a similar calculation as in the proof of the previous theorem, for 
77, > 3 we get that 

77 — 3 



11" = 7lt 



77 — 3 
"2 



772 - 1 



77 — 3 
772 -2 



$1 1 A $2 ' A 771 A 772 



and using dd'^il ~ —2iddVt we conclude that if the metric Vt is not 1-st Gauduchon 
then 

77l(77l - 1) + 27ll772a -|- 772 ( 772 — l)(a^ + 6^)"' 



-ddVL A Q^' 



(77. - 2)t 
nb 



711(711 - 1) + 2771772 + 772(712 - 1) 
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Proposition 4.3. Let us suppose that ni = 712 = 3, that is, the real dimension 
of M is equal to 2n = 6. Then, the Hermitian metric Q, given by ()12p is 1-st 
Gauduchon if and only if it is SKT if and only if a = 0. Moreover, 71 (51) < 
if and only if a < 0, which implies the existence of a 1-st Gauduchon metric on 
{M, J a) for any a < whenever the manifold is compact. 

Proof. Since is 3-diniensional, dd'^Vt = 2a*<j)^ a $2 and 

dd"^ A f7 = ——$1 A $2 A 771 A ?72. 


Since Vl^ ~ 6t$i A $2 A r/i A 772 and dd'^fl = —2iddn, we conclude that 

z — at- 
2 3b 

The last assertion follows from Proposition 12.31 and Corollary 10 in [TT]. □ 

Next we construct 1-st Gauduchon metrics on circle bundles over certain almost 
contact metric manifolds. Let {N, ip, ^, rj, g) be a (2ri— l)-diniensional almost contact 
metric manifold and let be a closed 2-form on N which represents an integral 
cohomology class on N. From the well known result of Kobayashi [2^, we can 
consider the circle bundle S"^ ^ P — > iV, with connection 1-form 9 on P whose 
curvature form is d9 ~ tt*{F), where tt : P — > iV is the projection. 

By using a normal almost contact structure {(p, ^, rj) on N and a connection 
1-form 9 on P such that 

F{ipX,Y)+F{X,ipY):^0, F{^,X)^0, \fX,Y £ x{N), 

one can define a complex structure J on P as follows (see [23]). For any right- 
invariant vector field X on P, .JX is given by 

(13) 9{JX) = -7r*(7y(7r,X)), Tr,{JX) = ^{tt.X) + 9{X)^, 

where 9{X) is the unique function on N such that tt*9{X) — 9{X). 

The above definition can be extended to arbitrary vector fields X on P, since X 
can be written in the form X = fjXj, with fj smooth functions on P and Xj 
right-invariant vector fields. Then JX = J^j .fjJ-^j- 

Moreover, a Riemannian metric h on P compatible with J (see [23j ) is given by 

(14) h{X, Y) = TT*g{Tr,X, tt,Y) + 9{X)9{Y), 

for any right-invariant vector fields X, Y. 

If (N, if, ^, , rj, g) is quasi- Sasakian it was shown if |B] that h is SKT if and only 

if 

d7jAd7j + FAF = 0. 
For 1-st Gauduchon metrics we prove the following 

Theorem 4.4. Let {N,ip,^,ri,g) be a (2n — 1) -dimensional quasi-Sasakian man- 
ifold, n > 2, and let F be a closed 2-form on N which represents an integral 
cohomology class. Consider the circle bundle ^ P — N with connection 1- 
form 9 whose curvature form is d9 = tt*(F). If d9 is J -invariant then the almost 
Hermitian structure {J,h) on P, defined by (jl3p and (jl4p . is 1-st Gauduchon if 
and only if 

(15) {driAdri + F AF)A<P''-^ ^0, 

where <i> denotes the fundamental form of the quasi-Sasakian structure (sp,£,,'ri,g). 
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Proof. Since ft = n*^ + 7r*?7 A 6' is the fundamental 2-forin associated to (J, h) and 
the structure is quasi-Sasakian we have 

Jdn = J(7r*(d?7)) A J0 - J(7r*(?7)) A J{d0). 

Since J9 = TT* (77) and the ahiiost contact structure is normal wc have 

J{n*idr^)) = n*{di^), dr^{^,X) - 0, VX £ xiN) 

and therefore 

dJdn = d{7r* (drj) At:* (ri) + e A J{t:*{F))) 

= 7r*(dr/) A T:*{dr]) + dO A J{n*{F)) -OA d[J{n*{F))] 

= 7r*(d?7) A Tr*{dri) + t:*{F) A 7:*{F), 

where in the last equality we used that dO = '!t*{F) is invariant by the complex 
structure J. Therefore, 

dJdn A ri"-^ = 7r*{d7j Ad7j + F AF) A (7r*$ + n*7] A e')"-^ 

= Ti*{dri Adri + F AF) A [7r*<I>"-2 ^ _ 2)7r*($"-3 A if) A O] 

= (n - 2)7r* [{dr] A di] + F A F) A ^"-^ A r/] A 6* 

and dJdVl A fi"^^ vanishes if and only if the equation (|15p is satisfied. □ 

Example 4.5. Consider the 5-dimcnsional solvable Lie group S with structure 
equations 

( de' = 0, i = 1,4, 

de^ = -ei2, 

endowed with the left-invariant Sasakian structure {ip, ^, rj, g) given by 

5 

<p(ei) = 64, (^(62) = -63, r? = e^ g = ^(e')^. 

i=l 

By [5J Corollary 4.2] the solvable Lie group S admits a compact quotient by a 
uniform discrete subgroup T. If we consider the S^-bundle (P, J) over the compact 
quotient T\S with connection 1-form 6 such that 

de = TT*{2e^^-2e^^) 

we have that 17 = 0*$ + Tr*?^ A ^^ is a J-Hcrmitian structure on the 5^-bundlc over 
r\S such that 71 (17) < 0. Therefore, by Proposition 12.31 the complex manifold 
(P, J) admits a 1-st Gauduchon metric. 

Remark 4.6. As a consequence of Theorem l4.4l we have that on a trivial S'^-bundle 
over a Sasakian manifold the metric h compatible with the complex structure J 
given by (fT3|) cannot be 1-st Gauduchon. 

We show next that in real dimension 8 there are non-SKT complex nilmanifolds 
having invariant 1-st Gauduchon metrics. The complex equations 

(16) duj^ = duj^ = duj^ = 0, duj^ = Aw" - - uj^^ 

define a complex 8-dimensional nilmanifold {Ma, J a) for any A^p + iq^C It is 
easy to see that Ma is a quotient of i/a x if g 7^ 0, a quotient of i/y x M if g 0, 
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and a quotient of H5 x ii p = q = 0. Here we denote by i?2n+i the generalized 
real Heisenberg group of dimension 2n + 1. 

Lemma 4.7. Let M be a nilmanifold of real dimension 2n endowed with an invari- 
ant complex structure J , and let be any invariant J -Hermitian structure. For 
fc = 1, . . . , [s.] —1^ the structure is k-th Gauduchon if and only if it is {n—k — l)-th 
Gauduchon. 

Proof. For any k ^ 1, . . . , [f ] — 1, we use the formula 

(17) / ddn*' A f^"-*^-! = / ddn'''-^-^ A VL^, 



which holds for a general compact complex manifold. Indeed, 

ddn'' A = dipn^ a ^r-^-^) + an'' a o^"-''-^ 

and by Stokes theorem 



(18) / ddn" = dn'' A du"-^-^ . 

Jm Jm 
On the other hand, in a similar way wc get 

(19) / ddn''-''-^ hn^ = ( dn'' A dn"-''-'^ . 

Jm Ji\i 
Comparing the two formulas ([T5)) and wc obtain ([T7|) . 

Since il is invariant on the complex nilmaniold (Af, J), there exist A, G M such 
that ^ddn'' A n"-''-^ = AO" and ^ddn"'''-^ Ail'' ^ ^O". Therefore, 



A / = 7: ddn" A n""-"-' = - / ddn''-"-' An" = fi o", 

which implies that A = if and only if ^ = 0, i.e. 57 is k-th Gauduchon if and only 
if it is (ri — A: — l)-th Gauduchon. □ 



Proposition 4.8. Let {Ma,Ja) be the complex nilmanifold given by (|16p and let 
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where Xjj^ £ C and x]^ = ^^jkj ^e the fundamental 2- form of any invariant Ja- 
Hermitian metric g on Ma- Then, O is never SKT, and f2 is 1-st Gauduchon if 
and only if it is 2-nd Gauduchon if and only if it is astheno-Kdhler. 
Moreover, 

(i) f2 is 1-st Gauduchon if and only if 

pdctf'^L ^24 V p det f ""iL ''^A = Aet( ''}^ ""1^ 

\ — X2i 2:44 / V~^34 2:44 J \ — 2;i4 144 

(ii) il is balanced if and only if q ~ and 
p det 



2^22 


^23 


X24 \ 




( Xii 


^12 ^14 \ 1 


( Xil 


Xl3 


Xi4 




X33 


^3i 1 


1 = dot 1 


~Xi2 


X22 X2A j+det j 


~Xl3 


^33 


a; 34 


~^24, 


~^3i 


2^44 / 




^-Xil 


~X24 X44 y 


\ — ^44 


~^3A 


2^44 



In particular, if p < then the complex manifold {Ma, Ja) does not admit either 
invariant balanced metrics or 1-st Gauduchon metrics. 
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Proof. From the complex equations ([T6| if follows that fl satisfies 

ddil = Xii{A + A)a;"2^ + x^iA + i)^^"^^ „ 2xu^^^'^^\ 

which never vanishes because x^^^ ^ 0. Therefore, any invariant J^i-Hermitian 
metric is not SKT. 

Moreover, a direct calculation shows that 

ddflAil'^ ^ 2x44 [(A + A)(a;22-'Z^44 + 2^332^44 + |a:24p + ^34!^) 

~2(xiiX-44 + |.Ti4p)]L."223344 

and therefore the metric is 1-st Gauduchon if and only if 

(20) {A + A){x22X4i + 0:33X44 + |a;24p + ^34^) - 2(a;iia;44 + I^mP) = 0. 

It is easy to check that the condition for astheno-Kahler is satisfied if and only if 
holds. This condition is precisely the one given in (i), so the proof of (i) follows 
from Lemma HTTl 

The balanced condition for 57, i.e. dft^ = 0, can be seen to be equivalent to the 
system given by the equation 

A det 



^22 


^23 


^24 1 


1 / ^" 


X12 


X44 \ 




^13 


Xii 






2^34 


1 = det 1 -xi2 


^22 


2^24 


+det — 


^33 


X3A 


-X24 


~X34: 


X44 J 


\-Xi4 


~X2i 


X44 / 


\—Xil 


-X3A 


X44 



and its conjugate. The positive definiteness of the metric g implies in particular 
that 

det ( ] ^ i det I -xj^ Xkk x^i 



-Xji —Xf.1 Xii 



are strictly positive real numbers for 1 < j < fc < Z < 4. Therefore, the balanced 
condition for VI is satisfied if and only if A is real and (ii) holds. 

Finally, the last assertion in the proposition follows easily from the positive 
definiteness of the metric g. □ 

Remark 4.9. The family belongs to a more general family of astheno-Kahler 
manifolds given in |10j . 

As a consequence of the above proposition and [7] we get that the complex 
manifold (M_a, Ja) does not admit any SKT Hcrmitian structure, and if p < or 
q ^ then {Ma, Ja) does not possess any balanced Hcrmitian metric. 

Corollary 4.10. Let M be a compact quotient of Hi x M by a lattice of maximal 
rank. Then, there exists a complex structure on M which does not admit any SKT 
Hcrmitian structure, but having balanced Hcrmitian metrics and k-th Gauduchon 
metrics for k = 1 and 2. 

Notice that a result similar to the above corollary holds for H^ x M'', which 
corresponds to the case ^ = 0. 

Corollary 4.11. Let M be a compact quotient of Hj, x H^j by a lattice of maximal 
rank. Then, there exists a complex structure on M which does not admit neither 
SKT nor balanced Hcrmitian structure, but having invariant k-th Gauduchon met- 
rics for k = 1 and 2. 
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Remark 4.12. Note that for p = g = one has on Ma the complex strueture 
coming from the product x M'^ of a Sasakian manifokl with a cosymplectic one. 
If p < (respectively p > 0) and q ~ Q then the complex structure comes from a 
product of a Sasakian (rcsp. quasi-Sasakian) manifold with M. Finally, for g 7^ the 
complex structure comes from a product i/s x of two quasi-Sasakian manifolds. 

5. Blow-ups 

In [9] it was shown that the SKT condition is preserved by the blow-up of the 
complex manifold at a point or along a compact submanifold. We can prove the 
following 

Proposition 5.1. Let (A/, J) he a complex manifold of complex dimension n > 2 
and endowed with a J -Hermitian metric g such that its fundamental 2-form 
satisfies the condition ddfl A fl"^^ > (or < 0). Then, the blow-up Mp at a point 
p G M and the blow-up My along a compact submanifold Y admit a Hermitian 
metric such that its fundamental 2-form fl satisfies the condition ddfl A > 

(or < 0). 

Proof. Let us start the proof in the case of the blow-up of AI at a point p. We recall 
now briefly the construction of the blow-up. Let z — (zi, . . . , z„) be holomorphic 
coordinates in an open set U centered around the point p £ M . The blow-up Mp 
of M is the complex manifold obtained by adjoining to M \ {p} the manifold 

U = {{z,l) eUx CP"-^ |z e 1} 
by using the isomorphism 

c7\{z = o} = t/\M 

given by the projection {z, I) z. In this way there is a natural projection tt : 
Mp M extending the identity on M \ {p} and the exceptional divisor tt~^{p) of 
the blow-up is naturally isomorphic to the complex projective space CP"^^. 

The 2-form TT*rt is a (1,1) form on Mp since tt is holomorphic, but it is not 
positive definite on tt~^{M \ {p}). As in the Kahler case, let h he a. C°°-function 
having support in U, i.e. < h < 1 and /i = 1 in a neighborhood of p. On 
U X (C" \ {0}) consider the 2-form 

j = idd{iplh)pl\og\\-\\^) , 

where pi and p2 denote the two projections of [/ x (C" \ {0}) on U and C" \ {0}, 
respectively. 

Let tp be the restriction of 7 to Mp. Then there exists a small enough real number 
e such that the 2-form 51 = etjj + 7r*ri is positive definite. 
Then 

dm A ^ ddTT*n A {Tr*n -f eV')"^^ 

Since ddn*Q, A 7r*fi"^^ > (or < 0) by assumption we have that we can choose 
e small enough in order to have ddO. A il"^^ > if ddVL A fl"^^ > (or < if 
a9fl An""2 < 0). 

For the case of the blow-up of (M, J) along a compact submanifold one proceeds 
in a similar way. Let F C M be a compact complex submanifold of M . Then 
consider the blow-up My of M along Y . If we denote by tt : My — >■ M the holo- 
morphic projection, by construction tt : M \ 7r^^(y) — A/ \ F is a biholomorphism 
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and TT ^{Y) = P(7\/V|a/)j where F{AfY\M) is the projectified of the normal bundle 
of Y. As in |9] we can show that there exists a holomorphic line bundle L on My 
such that L is trivial on My \ 'it^^{Y) and such that its restriction to 7r^^(y) is 
isomorphic to Op(^^|^j)(l). 

Let h he a, Hermitian structure on C'p(^^|j^)(l) and lo be the corresponding Chern 
form. As in [9] one can show that the metric h can be extended to a metric structure 
h on L, in such a way that h is the flat metric structure on the complement of a 
compact neighborhood W oiY induced by the trivialization of L on My \ tt~-^{Y). 
Therefore, the Chern curvature a) of L vanishes on M \ and w|p(A^y|jj) = 
Hence, since Y is compact, there exists e G R, e > 0, small enough such that 

Q = 7r*f2 + euj 

is positive definite. As for the previous case of blow-up at a point we can choose 
e small enough in order to have ddO, A O"^^ > if dd^l A fl"^'^ > (or < if 
Af7"-2 < 0). □ 

If one applies the previous proposition to a compact complex manifold of complex 
dimension 3 endowed with a Hermitian structure (J, g, fJ) such that 71 (O) < 0, then 
by using Proposition 12.31 and Corollary 10 in [11], there exists a 1-st Gauduchon 
metric on the complex blow-up at a point or along a compact submanifold. 

6. Twists 

In this section we will show that by applying the twist construction of |281 
Proposition 4.5] one can get new simply-connected 6-dimensional complex manifolds 
which admit 1-st Gauduchon (non SKT) metrics. 

We recall that in general, given a manifold M with a rjv/-torus action and a 
principal Tp-torus bundle P with connection 9, if the torus action of Tm lifts to P 
commuting with the principal action of Tp, then one may construct the twist W of 
the manifold, as the quotient of P/Tm by the torus action (see [H]). Moreover, if 
the lifted torus action preserves the principal connection 9, then tensors on M can 
be transferred to tensors on W if their puUbacks to P coincide on H = Ker 9. A 
differential form a on M is H-related to a differential form aw on W, a aw, if 
their pull-backs to P coincide on TL. 

Let now Am = be a connected abclian group acting on M in such a way 
that there is a smooth twist W given via curvature F G 51^ (M, ap) and invertible 
lifting function a S f2''(M, Om <8) ap), where Um (respectively Op) denotes the Lie 
algebra of Am (respectively Ap = A™). 

If the twist W has a Hermitian structure {Jw,gw,^w) induced by the one 
(J, g, r2) on M, one has for the fundamental 2-forms and for the torsion 3-forms of 
the Bismut connections the following relations 

Qw^n^, cw ^HC- q^^JmF A£^, 

where ^ : a^/ x(A/) is the infinitesimal action and is the dual of ^ by using 
the metric. In the case F is of instanton type, i.e. if F is of type (1, 1), one has 
that 

dew dc- a-^F A[i^c + d£!' - g{£„i)a-^F]. 
Swann obtained with the instanton construction new examples of simply-connected 
SKT manifolds. One can adapt the previous construction in the case of complex 
manifolds endowed with a 1-st Gauduchon metric. 
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Let (A^^", J) be a simply-connected compact complex manifold of complex di- 
mension n > 2 with a J-Hermitian metric qn'^" which is 1-st Gauduchon. Consider 
the product Af^"+^ = A^^" x T^, where is a 2-torus with an invariant Kahlcr 
structure. Then A/^""*"^ has a 1-st Gauduchon metric g]^2n+2 = gpf2n + gf2 with 
torsion 3-form c supported on N'^" . 

Let ^ be the torus action on the factor. We have then aj\/ = ap = M^, 

i^c = 0, ^ 

and a is a constant isomorphism a^/ — > ap. Since 

^w' {^mr. + f^T^""' = ^V^l + (n - l)f}^-i2 ^ 

we get 

(dcM/ A ^« [dc + i)a-^F A a-i^^] A [0^-^.1 + [n - A 17t=] 

and thus by using the assumption that gi^2n is 1-st Gauduchon wc obtain 

[dew A n^^^) 9{L Oa~'F A a'^F A [n - 2)17^-^2 ^ 

Assume that there are two linearly independent integral closed (l,l)-forms Fi G 
A2^(7V2"), i = 1,2, with [F] e i/2(iv2",Z). If for n = 2 

^ 7.jF,Ai^, I <0 
or for n > 3 

V»j=i / 

for some positive definite matrix (7^ ) G A/2(M), then by [28l Proposition 4.5] there 
is a compact simply connected T^-bundle W over 7V^" whose total space admits a 
1-st Gauduchon metric. Note that the condition 

2 

^ j.,F,AF,=0 
jj=i 

is equivalent to the condition that 1-st Gauduchon metric on W is SKT. 

The manifold W is the universal covering of the twist W of ^" x , where the 
Kahler flat metric over = is given by the matrix (7^^) with respect to the 

standard generators with a compatible complex structure and topologically is a 
principal torus bundle over iV^" with Chern classes [Fi]. 

Example 6.1. Consider as in |5H1 Example 4.6] a simply-connected projective 
Kahler manifold of real dimension 4 and fix an imbedding of Nq in CP*^. Then a 
generic linear subspace L of complex dimension r — 2 in CP'^ intersects transversely 
Nq in a finite number of points pi, . . . ,pd- One may choose homogeneous coor- 
dinates [zq, . . . , Zr] on CP*^ in such a way L is defined by = ^1 = 0. Let now 
Cff"" C CP'' X CP^ be the complex blow-up of CP'' along L, and denote by tti and 
1T2 respectively the projections on the first and on the second factor of CP'^ x CP"'^. 
As shown in [28l Example 4.6] if we define iVi = 7r^^(iVo), then /I^Vi defines a 
(1, l)-form Fi on A^i such that the cohomology class [Fi] is non-zero and F^ = 0. 
If one iterates this construction one gets another non-zero cohomology class [i^2] 
such that F| = 0. Now, since Fi A F2 ^ 0, one can choose a positive matrix 
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{■jij) e M2{M.) such that J2i j=i HjFi ^ Fj < 0- Then, by applying Proposition [231 
and Corollary 10 of jllj . one gets a 1-st Gauduchon metric on the universal covering 
of the twist of iVi x T^. 
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